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Introduction

Modal logic is a collection of formal systems widely used to represent statements
about necessity (Heobxoamnmo) and possibility (Bo3morkHO) .

Probability is the branch of mathematics concerning numerical descriptions of how
likely (HackonbKo BeposiTHO ) an event is to occur.

Main modal formula can be read as "if P is necessary, then It is also possible".

There are a range of different types of modal logics, all of which use a similar set of
logical axioms and rules that applied to diverse range of topics: from time
(temporal logic) to ethics (deontic logic), norms, and knowledge (epistemic logic).

Today we will discuss relational semantics (Kripke structure) and explain how it can
be applied over several types of the modal logics.




CyuiecTByeT PYHOAMEHTA/IbHOE OT/IMYME MeXY «HE3HAHNEM» U

«BEPOSITHOCTbIO»

KntouyeBoe nornoxeHue: OT Toro, YTo Bbl «4ero-to He 3HaeTe», COBCEM
HE 3HAYUT, UTO «3TO YTO-TO» cnyanlHoe.

* Tak, ecnu Bbl HE 3HAETE peLIEHNE YPaBHEHNSI — 3TO HE 3HAYUT, UYTO
ero peleHnemM c OJMHAKOBOW BEPOSATHOCTbIO MOXeT ObITb ntoboe
4yuncno.

* BeposATHOCTb MOXXHO onpenennTb

* KaK cTeneHb CYyObLEKTMBHOM YBEPEHHOCTM B  WUCTUHHOCTU
cyXXgeHus, onupasicb Ha TeopemMy baneca (1702-1761).
* yacToTa NoBTOPEHUSA COBLITUS B ANMMHHON cepun HabnoaeHnn

 He3HaHWN MOXXHO CONOCTaBUTb
* MPUHUMN MakCuMyma 3HTPOMUKU, KOTOPbIN YTBEPXOAeT, uTO
Hanbonee [1OCTOBEPHbIM pacnpegenieHnsaMmn BePOSTHOCTEN
COCTOSIHUW HeonpeaeneHHon cpedbl C YBEPEHHOCTHHD MOXHO
BblbpaTb Takoe pacnpenernieHnsi, KoTopble MakCUMU3NPYIOT Mepy
HeonpeaeneHHOCTU (QHTPONUIO) «NOBELEHUNY Cpeabl.



Modal statement (expression)

1.
2.
3.

It snows in winter
It always snows in winter
Sometimes it snows in winter

These are different statements. And therefore, they must be
written in different formulas. These statements are meaningfully
related to each other.

And this should be reflected in the formulas. Since statements
differ only in words like - always, sometimes (modalities of time -
temporal modalities), it is necessary to introduce some kind of
logical constructions to express these modalities.




Example: classical vs modal (temporal) logic

onepaTtopbl cBoNCTB: X —neXt time, U — Until, F — in the Future n KBaHTOpbI «nyTW» : E- Exist, A - Always

Knaccuyeckas U TemnoparbHas normku

Norvika BbICKA3bIBAHWIA ) repnperanm PL_
®=(pVag)=r HABOPbl 3HAYEHUIA
nepemeHHsIX <p, g, r>

(koHeyHoe Yncno)

Wnrepnpetauua <I1, I, N> - mopens dopmynbl @

K — cTpykTYypbI TemnopansHas Normka
Kpunke vnu Mopenu cucrem

mogenb M=(S, SO, R, L)
6asuc:
EX, AF, EU

®=AG|[(p = E(~q U r)] WHTepnpetaumm TL —
CUCTEMbI NEepexoaos, B
KaXa0M COCTOAHWUM
KOTOPbIX CBOA HADOp
3HAYEHUA NepemMeHHbIX
<p.q,r=

(beckoHeuyHoe yucno)

Crpyktypa Kpunke

3

Mutepnpetauua K1 - mogens copmynesl @

A — always (gormKkHo BbINONHATLCSA Beerga), G — globally ( ucTMHHO BO BCex ByayLmx COCTOAHUSX,
E — exists ( cywiecTtByeT x0T 6bl 0O4HA BETBb, HA KOTOPOW hopMyra UCTUHA.



< (possible - BO3MOXHO), o (necessary - He06xo04UMO)

dopmyna: M, s Ep & E(s, p) =1, uuTaeTcsa Tak: BbiCKa3blBaHWE P UICTUHHO B
Mupe s mogenu M)

M, wl E p (BO3MOXHO) Mopens Kpunke

M, wl ¥ Op (Heobxoanmo)

p = true p = false
M, wlE olp Wy
M, w5 E Op
M, w5k Op




[Mpumepsbl: deontic modalities - 06513aH, MMmeto NpaBo

1. Students attend lectures
. Students are required to attend lectures
3. Students have the right to attend lectures

N

deontic modalities: | must, | have the right...




[Tpymepbl: epistemic modalities - | know, | guess (snato, npeanonararo)

1. The problem has a solution
2. Itiis known that the problem has a solution
3. It can be assumed that the problem has a solution

epistemic modalities : | know, | guess




Modal logic

Modalities express different shades of truth (confidence-
YBEPEHHOCTb, necessity - HeobxoammocTtb, provability -
N OKa3yemMoCTb, awareness -oCO3HaHHOCTb

These shades can be classified:

Modalities of the necessary Modalities of the possible
necessary - Heo6xoanmo possibly - BO3MOXHO (aneTnyeckas fiornka)
always - Bcerga sometimes - nHorga (TemnoparnbHaga noruka)
must - gormkHa have the right - nmeto npaBo (oeoHTN4ecKas
noruvka)
know - 3Hato guess - npegnonarato (anucTeMmnyeckas noruka)
] &



Modal Formula Syntax

To express modality we need to adds two logical operators:
O (necessary - Heobxoanmoro)

"

<> (possible - Bo3moxHOro),

with the help of which, it is possible to construct formulas of the
following form:

(D(P) «HeO6XO|ﬂ|MMO e» - ”necessary (pn
(O(P) «BO3MOKHO P» - ”pOSSibIe (pn




Semantics of modal formulas

The semantics of modal formulas are diverse (or we may say — flickering)
Mpumep:

HaHa popmyna og - @

Ecan O — moAaanbHOCTb BpemeHU (TemnopanbHaa N0ruKa), «Bceraa», 1o
0@ —> (P — 3TO 3aKOH MOAa/IbHOM IOTUKN.

Ecnu ctyaeHTbl Bceraa xoaaT Ha IEKUMU, TO OHU XOAAT HA NeKUUN.

Ecnn O— AeoHTUYecKas MOAaIbHOCTb, €« A0/IKHbI», TO dopmyaa O@ —> ¢
HEe MMeET CTaTyCa /IOrMYECKoro 3aKoHa.

Ecnn cTyaeHTbl 4OMKHbI XOAUTb Ha IEKLUUKU, TO OHU XOAAT Ha JIEKLUMN.
3To He Bceraa TakK !




Axioms

O (necessary - Heob6xoaMmoro) <> (possible - Bo3amoxHoro),

1. o@—>@ (akcuoma pedpnekcuBHocTU T) pedieKCMBHbIE LWKaNbI
VwR(w,w);
Ecnn ctypenTol Bceraa (V) xoaAat Ha nekumm, To oHu xoaAaT ( A0NXKHbI ObITb ) Ha eKLUN.
MO/Aa/IbHOCTb BpeMeHM (TemMnopasbHas I0r1Ka),
2. 0@—~>oog (4)
TpaH3nTUBHbIE WKanbl YW1Vw2Vw3(R(wl,w2)&R(w2,w3) - R(w1l,w3));
3. Oop->oe
CUMMETPUYHbIe WKanbl YW1Vw2(R(wl,w2) = R(w2,wl)).
4. o> @ (D) (BeoHTMUecKas norvka)
(If it should to be that p, then it is permitted that p)




Relational semantics

Lets introduce the satisfiability relation for modal formulas:
(BBeaem OTHOLLEHME BbINOJIHUMOCTU ANA MOAANbHbIX popmyn):

o Nycto P={P1, P2, ..} -- MHOXeCTBO 3/1eMEHTAPHbIX BbICKa3bIBaHUN.

» MopaanbHaa MHTepnpeTaumna cocToAaLlan U3 WKanabl Kpunke
o F<W, R> (W -- BO3MOKHble “Mupbl”, R -- OTHOLLIEHME AOCTUXUMOCTU) U
e OLEHKM 3/IeMeHTapHbIX BbiCKa3sbiBaHuUM E: W x P -> {1, 0}.




OTHOLIEeHMe BbINOAHNUMOCTHU

1.

LA I S

[ycte M =<W, R, E> -- mogenb Kpunke. Toraa oTHOLWeEHMe BbINONHMMOCTU M, s E p
dbopmynbl p B Mmpe s mogenm M onpeaensetca cneayrouwmm obpasom:

Ecnn p = Pi n3 MHOKecTBa 3/1IeMeHTapPHbIX BbICKa3blBaHWUN, TO:

M,sEp S E(s,p)=1,(untaerca TaK: BbiICKa3biBaHUE P UCTUHHO B MUPE S
moaenu M)

M,sEplAp2 = (M,sEpl)A(M,sEp2)

M,sEplVp2<= (M,skEpl)V(M,sEp2)

M,skEpl>p2= (M,sEpl)V(M,sEp2)

M,sEple= M, s i pl

M, s E Opl < ana ntoboro anbTepHaTMBHOIO MMpa W €C/in <s, w> € R, 10
(M, w E pl)

M, s £ Opl < cywectsyeT anbTepHaTUBHbIA MUP W, YTO <S, W> € R

(M, w E pl)

The feasibility relation (oTHoweHMe BbinonHUMOCTK) is uniquely defined by its values
on the set of elementary statements.




[lpocTenLine ceoncTBa onepaTtopos

1.

B pa3HbIX MOAa/IbHbIX NOTMKAaX OTHOLWEHWE BbIMONHUMOCTU ONpPeaenseTca Ha
Pa3HbIX Knaccax WkKan. Kaxkaas pasHOBUAHOCTb WKaa (OTHOLEHMUS
AOCTUKMMOCTU R) XxapaKTepusyeTtcs onpeaeneHHbIM 3aKoHOM (popmyion)
MOJ3a/IbHOM NOTUKMW.

Onepatop o (necessary - HeobxoaMmo)
EO(pl = ¢2) 2> (cpl->092) (akcnoma anctpmbyTruBHocTH K);
E¢p =EO@ (npaBuno HeobxoammocTtu N).

B Pa3HbIX NMPUNTOHKEHNAX MOOA/IbHOCTb HEO6XO,£I,I/1MOI'O MOXKET NOHMMATbCA MO
Pa3HOMY. OTcroaa bonblioe pa3Hoo6pa3me MOAa/ibHbIX JTOTUK.




[IprMep. dNnUCcTeMUYECKNE JI0TUKM

ANnUcTeMUYECKME IOTMKN —U3y4atoT MOJa/IbHOCTU 3HaHUA U MHeHUs (Bepbl)
HEKOTOPbIX AEea/IM3NPOBAHHbIX UHTENNEKTYa/IbHbIX areHTOoB.

N3yyatoTca BONPOChI O TOM,
KaKMMM 3HAHUAM pacrnonaraet cybbeKr,
HACKO/IbKO OH OCO3HAeT CBOM 3HaHMA (M HE3HaHMA), U

Kakne npuinHHoO-cneacCrtBeHHbIE CBA3UM BO3HWUKAKOT MeXAady YTBeEPXAEHUAMMU,
KaCalowmmmca BonpocoB 3HaHUA N BEPBDI.

B anncTtemunyeckom normke moaabHbl onepaTop
0@ cnegyeTt nNpovnTbiBaTh «fA 3HAO, YTO P»,

a

¢ — «A ponyckato, 4To @»




[IprMep. dNnUCcTeMUYECKNE JI0TUKM

OCHOBHble 3aKOHbl (aKCMOMbI) 3MUCTEMUYECKOMN NTOTUKM:

1. The Axiom of Adequacy of Knowledge: o@p—->¢ («Mowu 3HaHMA BEPHbI»)

2. The Axiom of Positive Introspection: op—>o00¢ («A BnoaHe npeacTaBasato BCe,
4YTO MHE U3BECTHOY. )

3. The Axiom of Negative Introspection: $Oo@—>og(«A BnonHe cosHato, uto
MMEHHO MHE HEU3BECTHO®.)




Conclusion

» one must be able to connect modality and probability




[lpnmep. TemnopasibHas Iormka

[MOCKO/NIbKY Bbl4MCAEHNE — 3TO NPOLLECC, PAa3BUBAIOLLMINCA BO BPEMEHU, COCTOAHMUSA
KOTOPOro HaxoAsaTcA B MPUYMHHO-CIeACTBEHHOM CBA3U APYT C APYrOM,
TeMNopPanbHble NOMMKU UCNONb3YIOTCA ANA cneunduKkaumm n sepmdmKaLmnm
nporpamm.

Jlornka nnHenHoro Bpemenun LTL

LLikana Kpunke ana LTL (Linear Temporal Logics) — 3To HaTypanbHbIM pAa, C
eCTeCTBEHHbIM OTHOLLUEHNEM NOPAAKA:

,0e0p; 1,0k Oq; 1,0




[lpnmep. TemnopasibHas Iormka

B Apyrnx TemnopanbHbIX IOTMKAX BPEMA — 3TO BETBALWAACA CTPYKTYPA; B KarKAblIn
MOMEHT BPEMEHU MOXKET ObITb HECKO/IbKO a/IbTEPHATMB AaNbHENLLErO Pa3BUTUA
cobbITUN.OAHOM N3 NOTUK BETBSALLLETOCA BPEMEHU ABNAETCA IOTMKa AEPEBLEB
Bbluncnenum (CTL, Computational Tree Logic), ncnonbayeman ana cneumdbukaumm un
BepUPMKauumn pacnpeaeneHHbIX Nporpamm

l,5 = Y0p I, = 30p

%0 5

p = true p = true

51
. p = true

. p = true

5

p = true

53 S4 S5
p = true

S6 S7 58 56 57 S8 59 510 511

p = true p = true p = true p = true p = true p = true p = true



[lpnmep. TemnopasibHas Iormka

[yctb M =<W, R, E> -- gpeBecHaa moaenb Kpunke gna nornkn CTL. s € W ogHO 13
COCTOAHUW moaenwn. Toraa:

|,sEVOpP =B KaXXA0OM COCTOAHUU S1, AOCTUXKMMOM U3 COCTOAHUA S, BepHO |,S1kEp

|,sE30Op = cywectByeT BETBb, MCXOAALLAA U3 COCTOAHUA S, B KaXKA0OM COCTOSAHUM s1
KoTopou BepHo |,s1Ep

,sEVp = B KaXKA0M BETBU, UCXOAALLEN U3 COCTOAHUA S, CTb COCTOAHME S1, B
KOoTopom BepHoO I,s1kp

,sE3<p = cyLuecTBYeT BeTBb, MCXOAALLAA U3 COCTOAHMUA S, B OAHOM U3 COCTOAHMM sl
KoTOopou BepHo I,s1kEp

L l,s0 =YOp l,s0 = 30p
0 0
o, /‘\ = s /‘\ 5
® L ]

S5 S3 S4 S5

510 S11 S6 S7 S8 S9 510 S11

p = true p = true p = true



