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What we have discussed in previous lecture :probability, trust ,

knowledge

* how we can extract knowledge from the surrounding data ?

Conventional computers are good at calculating, but they are poor for some tasks that are easy for
humans. Basic idea - uses probability as new measure of trust (confidence level) of surrounding data

extract available knowledge.
P(B|A) * P(A)
P(B)

JleBast yacTb ypaBHEHUS — anocTepuopHast (nocne onbiTa) oueHka BEPOATHOCTU cobbiTs A npu
yCrnoBUKW HacTynnieHna cobbiTus B (T. H. ycnoBHasi BEPOATHOCTD).

P(A) — BepoOsATHOCTb coObITUA A (anpropHasi OLEHKa);

P(B|A) — BEPOATHOCTb (YCNOBHAas), KOTOPYO Mbl NOSlydaemM U3 HalMX OaHHbIX;
P(B) — KOHCTaHTa HOPMNPOBKKU, KOTOPasi OrpaHNYNBaET BEPOSATHOCTb 3Ha4YeHnem 1.

P(A|B) =

confidence level: fundamental aspect of a priori
(Conventional) knowledge




Introduction

Modal logic is a collection of formal systems widely used to represent statements
about necessity (Heobxoamnmo) and possibility (Bo3amorkHO) .

Probability is the branch of mathematics concerning numerical descriptions of how
likely (HackonbKo BeposaTHO ) an event is to occur.

Main modal formula can be read as "if P is necessary, then It is also possible".

There are a range of different types of modal logics, all of which use a similar set of
logical axioms and rules that applied to diverse range of topics: from time
(temporal logic) to ethics (deontic logic), norms, and knowledge (epistemic logic).

Today we will discuss relational semantics (Kripke structure) and explain how it can
be applied over several types of the modal logics.




Npumep : classical vs modal (temporal) logic

onepaTtopbl cBoNCTB: X —neXt time, U — Until, F — in the Future n KBaHTOpbI «nyTW» : E- Exist, A - Always

Knaccuyeckas U TemnoparbHas normku

Norvika BbICKA3bIBAHWIA ) repnperanm PL_
e=(pVaq)=r HABOPbl 3HAYEHUIA
nepemeHHsIX <p, g, r>

(koHeyHoe Yncno)

Wnrepnpetauua <I1, I, N> - mopens dopmynbl @

K — cTpyKTypbI TemnopansHas Normka
Kpunke nnu Mopenu cucrem

mogenb M=(S, SO, R, L)
6asuc:

®=AG|[(p = E(~q U r)] WHTepnpetaumm TL —

CUCTEMbI NEepexoaos, B
KaXa0M COCTOAHWUM
KOTOPbIX CBOA HADOp

3HAYEHUA NepemMeHHbIX

EX, AF, EU
<p,qQq, r=
CrpykTypa Kpunke
pykTypa Kp (beckoHeuHoe Yymucno)
P N
HG’\\ />®r\/ 3

Mutepnpetauua K1 - mogens copmynesl @

A — always (gormkHo BbINoNHATLCSA Beerga), G — globally ( uctnHHO Bo Bcex ByayLmx
cocTosiHusx, E — exists ( cywecTByeT XoTa Obl 0O4Ha BETBb, HA KOTOPOW hopMyra UCTUHA.



Modal statement (expression)

1.
2.
3.

It snows in winter
It always snows in winter
Sometimes it snows in winter

These are different statements. And therefore, they must be
written in different formulas. These statements are meaningfully
related to each other.

And this should be reflected in the formulas. Since statements
differ only in words like - always, sometimes (modalities of time -
temporal modalities), it is necessary to introduce some kind of
logical constructions to express these modalities.




[Mpumepsbl: deontic modalities - 06513aH, MMeto NpaBo

1. Students attend lectures
. Students are required to attend lectures
3. Students have the right to attend lectures

N

deontic modalities: | must, | have the right...




[Tpymepbl: epistemic modalities - | know, | guess (snato, npeanonararo)

1. The problem has a solution
2. Itis known that the problem has a solution
3. It can be assumed that the problem has a solution

epistemic modalities : | know, | guess




Modal logic

Modalities express different shades of truth (confidence-
YBEPEHHOCTb, necessity - HeobxoammocTtb, provability -
OKa3yemMoCTb, awareness -oCO3HaHHOCTb

These shades can be classified:

Modalities of the necessary Modalities of the possible
necessary - Heo6xoanmo possibly - BO3MOXHO (aneTnyeckas fiornka)
always - Bcerga sometimes - nHorga (TemnoparnbHaga noruka)
must - gormkHa have the right - nmeto npaBo (oeoHTN4ecKas
noruvka)
know - 3Hato guess - npegnonarato (anucTeMmyeckas noruka)
] &



Modal Formula Syntax

To express modality we need to adds two logical operators:
O (necessary - Heobxoanmoro)

"

<> (possible - Bo3amoxHoro),

with the help of which, it is possible to construct formulas of the
following form:

(Op) «<Heobxogmmo @» - “necessary @”
(@) «BO3MONKHO @» - “possible ¢”




Semantics of modal formulas

The semantics of modal formulas are diverse (or we may say — flickering)
Mpumep:

[JaHa popmyna o - ¢

Ecan O — moAaanbHOCTb BpeMeHU (TemnopanbHana N10rnKa), «Bceraa», To
0@ =  — 3TO 3aKOH MOJA/IbHOM NOTUKN.

Ecnuv ctyaeHTbl Bceraa XxoaAaT Ha NEeKLUUKN, TO OHM XOAAT Ha IEKLUN.

Ecnn O— AeoHTUYecKass MOAaIbHOCTb, € A0JIKHbI», TO dopmyna O® —> ¢
He MMeeT CTaTyCa IOrM4YeCcKoro 3aKoHa.

Ecnn cTyaeHTbl 4OKHbI XOAUTb Ha NEKUMKU, TO OHU XO4AT Ha IEKLUUM.
9To He Bceraa Tak !




AXIOmS

O (necessary - Heob6xoaMmoro) <> (possible - Bo3amoxHoro),

1. Op—> (akcnoma pednekcnBHocTU T) pedneKCMBHbIE LLKabI
VwR(w,w);
Ecaun ctyaeHTbl Bceraa (V) xoaAaT Ha NeKumun, To oHU XoaaT ( A0 HbI ObITb ) Ha NEeKLUN.
MO/a/IbHOCTb BpeMeHM (TemnopasibHas N0rnKa),
2. 0@—~>ooy (4)
TpaH3nTUBHbIE WKanbl YW1Vw2Vw3(R(wl,w2)&R(w2,w3) - R(w1l,w3));
3. Oop->oe
CUMMeETPUYHbIE WKanbl YwW1Vw2(R(wl,w2) - R(w2,w1l)).
4. o> (D) (BeoHTMUecKas norvka)
(If it should to be that p, then it is permitted that p)




Relational semantics

Lets introduce the satisfiability relation for modal formulas:
(BBeaem OTHOLLEHME BbIMOJIHMMOCTU ANA MOAaNbHbIX Gopmyn):

o Nycto P={P1, P2, ..} -- MHOX€ECTBO 3/1eMEHTaPHbIX BbICKa3bIBaHWUN.

o« MopaanbHaa MHTepnpeTauma cocToAalan 13 WkKanbl Kpunke
o F<W, R> (W -- BO3MOKHble “Mupbl”, R -- OTHOLLEHME AOCTUNKUMOCTH) U
e OLEHKM 3/IeMeHTapHbIX BbiCKa3sbiBaHuM E: W x P -> {1, 0}.




OTHOLIEeHMe BbINOAHNUMOCTHU

MNycte M =<W, R, E> -- mogenb Kpunke. Torga oTHOLWeEHMe BbINOJIHUMOCTU M, S E p
dbopmynbl p B Mmpe s mogenm M onpegendaetca cnegyowmm obpasom:

1. Ecnn p = Pi n3 MHOecTBa 3/1eMeHTapPHbIX BbICKa3bIBaHW, TO:

M,sEp < E(s,p) =1, (unTaeTca TaK: BbICKa3biBaHME P UICTUHHO B MUpPE S
moaenn M)
M,sEplAp2 <= (M,sEpl)A(M,sEp2)
M,sEplVp2= (M,skEpl)V(M,sEp2)
M,skEpl>p2= (M,stEpl)V(M,sEp2)
M,sEple= M, s i pl
M, s E Opl < ana ntoboro anbTepPHAaTUBHOIO MMUpa W ecam <s, w> € R, 1o
(M, w E pl)
1. M, s EOpl & cywecTtsyeT anbTepHATUBHbINA MUP W, 4TO <S, W> € R 1
(M, w E pl)
OTHOLWEHMEe BbINOJIHUMOCTM OAHO3HAYHO onpeaenaAeTcss CBOMMU 3HAYEHUAMM Ha
MHOXECTBE 3/IEMEHTAPHbIX BbICKa3biBaHWUN.

LA I S




< (possible - BO3MOXHO),

M, wl E p (BO3MOXHO)
M, wl ¥ Op (Heobxoanmo)
M, wlE olp

M, w5 E Op

M, w5 i Op

o (necessary - Heo6xoanmo)

Mopens Kpunke

p = true p = false




[lpocTeniume cBOMCTBA

o (necessary - Heobxoanmo)

1. EO(epl - @2) >(ael->0¢2) (akcmoma anctpmbytmsHoctm K);

2. E@ =FkO@ (npaBnno Heobxoammoctn N).
B pa3HbIX NPUAOKEHUAX MOAa/IbHOCTL HEOHXOAMMOTO MOXKET MOHMMATLCSA MO
pasHomy. OTctoaa 6onblloe pa3Hoobpa3ne MoaanbHbIX OTUK.

B pa3HbiXx MOAa/IbHbIX JIOTMKaxX OTHOLWEHWE BbINOJAHUMOCTM ONpeaenfaeTca Ha
Pa3HbIX KNaccax Wwkan. Kaxaaa pa3sHOBUAHOCTb LWKan (OTHOLEHUA
AOCTUKMMOCTU R) xapakTepusyetca onpeaeneHHbiM 3akoHom (bopmynon)
MOJaNbHOW NOTNKMW.




[IprMep. dNnUCcTeMUYECKNE JI0TUKM

dnnUcTtemmyeckne 1I0rmkn — 3710 Pa3HOBUAOHOCTN MOAA/IbHbIX NOTUK,

n3yyvyarwouwme moaazibHOCTN 3HaHUA U MHEHWNA (Bepbl) naeain3npoBaHHbIX
dreHToBs.

MHTepec npeacrtasadaroT BOMPOCbI O TOM, KaKMMWU 3HaAHUAM pPacCnoaaraet
Cy6'bEKT, HACKOJ/IbKO OH OCO3HaeT CBOU 3HJHWUA (M He3HaHMF|), U Kakue
NMPUYNUHHO-CNEOCTBEHHbLIE CBA3U BO3HUKAKOT mexay yTBEPKRAOAEHNAMMN,
KaCalowmmMmunca BonpocoB sHaHNUA U BEPDLI.

B anucTemmyecKor normke moaanbHbIn onepaTop
Ogp cnenyeT NPoYnTbIBaTb «f 3HAt0, UYTO P»,
a

¢ — «A ponyckato, 4To O»




[IprMep. dNnUCcTeMUYECKNE JI0TUKM

OCHOBHble 3aKOHbI (aI-(CI/IOMbI) 3NUCTEMMNYECKOMN NIOTUKMN:

1. AKCMOMa aeKBaTHOCTM 3HaHUA: O@—> @ («Mou 3HaHNA BEPHbIY)

2. AKCMOMa NO3UTMBHOW MHTPOCNeKumu: Oe—->00¢ («A BnoaHe npeacTaBasto BCe,
4YTO MHE U3BECTHOY». )

3. AKCMOMa HeraTueHOM nHTpocnekuun: Ooe—>0@(«A BnoaHe co3Hato, YTo
MMEHHO MHE HEN3BECTHO.)




[lpnmep. TemnopasibHas Iormka

[MOCKO/IbKY BblYMCAEHNE — 3TO NPOLLECC, PAa3BUBAIOLLNIACA BO BPEMEHW, COCTOAHUA
KOTOPOro HaxoAAaTcA B NPUYMHHO-C/IeACTBEHHOM CBA3U APYT C APYIOM,
TeMNopanbHble NOrMKN UCMONb3YIOTCA ANA cneunduKkaunm n sepudukaumm
nporpamm.

Jlornka nnHemnHoro spemenn LTL

Likana Kpunke ans LTL (Linear Temporal Logics) — 3To HaTypanbHbIN psa, C
eCTeCTBEHHbIM OTHOLLUEHMEM NopaaKa:

,0e0p; 1,0k Oq; 1,0




[lpnmep. TemnopasibHas Iormka

B Apyrnx TemnopanbHbIX IOTMKAX BPEMA — 3TO BETBALWAACA CTPYKTYPA; B KaXKAblIN
MOMEHT BPEMEHU MOXKET ObITb HECKOJIbKO aNIbTEPHATMB Aa/IbHENLLErrO PAa3BUTUA
cobbITUN.OAHOM N3 NOTUK BETBSALLLETOCA BPEMEHU ABNAETCA IOTMKa AEPEBLEB
Bbluncnenum (CTL, Computational Tree Logic), ncnonbayeman ana cneumdbukaumm un
BepUPMKauMmn pacnpeaeneHHbIX Nporpamm

l,5 = Y0p I, = 30p

%0 5

p = true p = true

51
. p = true

. p = true

5

p = true

53 S4 S5
p = true

S6 S7 58 56 57 S8 59 510 511

p = true p = true p = true p = true p = true p = true p = true



[lpnmep. TemnopasibHas Iormka

[ycte M =<W, R, E> -- gpeBecHaa moaenb Kpunke gna nornkm CTL. s € W ogHO 13
coCTOAHUN moaenn. Toraa:

|,SEVOpP =B KaXXA0M COCTOAHUN S1, AOCTUXKMMOM U3 COCTOAHUA S, BepHO I,s1Ep

|,sE30Op = cywectByeT BETBb, MCXOAALLAA N3 COCTOAHUA S, B KaXKAOM COCTOAHMM s
KoTopou BepHo I,s1Ep

,sEVp = B KaXKA0M BETBU, UCXOAALLEN U3 COCTOAHMA S, eCTb COCTOAHME S1, B
KoTopom BepHoO |,s1Ep

,sE3<p = cyLecTBYeT BeTBb, MCXOAALLAA U3 COCTOAHMUA S, B O4HOM M3 COCTOAHUM sl
KoTopou BepHo I,s1kEp

L l,s0 =YOp l,s0 = 30p
0 0
o, /‘\ = s /‘\ 5
® L ]

S5 S3 S4 S5

510 S11 S6 S7 S8 S9 510 S11

p = true p = true p = true



Conclusion

» B pganbHelwem Hago cBA3aTb MOAA/IbHOCTb U BEPOSTHOCTb




